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Dedication. It is a rare pleasure to offer this paper in honour of the jubilee of Profes-
sor Fujii, Akio. Whenever I encounter Fujii San, be it in the souvenir shop of the Louvre,
in the grounds of Todai-ji at Nara or in the Mathematics Institute of Kyoto University, it
is as if a bright sun has come into my day. May his enthusiasm for life in general and
mathematics in particular continue unabated!
1. Introduction
Many studies in number theory require the estimation of arithmetic functions on
residue classes. Of particular interest, in the application of harmonic analysis to number
theory, is the distribution in residue classes of integers that omit prime factors from a set
whose size is known but whose position is not. There are many examples in probabilistic
number theory. More recent examples, involving representations of products of specific
rationals, may be found in [9], [10] and [11]; see also [13].
THEOREM 1. If 0 < ε < 1/4, x ≥ 3 and ′ denotes that summation is restricted to
positive integers without prime factors from a given set, then
∑′
n≤x
n≡a(modD)
1 = 1
φ(D)
∑′
n≤x
(n,D)=1
1 + O
(
x
φ(D)
(
log(D log x)
log x
)1/4−ε )
uniformly for (a,D) = 1, D ≥ 1. The implied constant depends at most upon ε.
This result, which strengthens a similar result developed in connection with [9], is
of interest for its wide uniformities. In particular, there is no dependence upon the set of
omitted primes.
A uniform estimate for the number of restricted integers in an interval is currently not
known. If a collection of primes q satisfies
∑
q−1 ≤ K , then Erdo˝s and Ruzsa, [14], prove
by induction that with a suitable positive constant a, and for x sufficiently large in terms of
K , the interval [1,x] contains at least x exp(− exp(aK)) integers with no factor amongst the
q . When the primes q exactly fill the interval (exp(e−K log x), x], an asymptotic estimate
in terms of Dickman’s function, cf. Norton [15], shows the double exponential in their
lower bound to be largely best possible.
In these circumstances the following result can be helpful.
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THEOREM 2. In the above notation∑′
n≤x
(n,D)=1
1 =
∏
p|D
(
1 − 1
p
)∑′
n≤x
1 + O
(
x
(log x)1/11
)
,
where the primes p are not amongst those ruled out by ′.
2. Proof of Theorem 1
The main result, Theorem 1, of [12], asserts that for any multiplicative function g with
values in the complex unit disc there is a non-principal Dirichlet character χ(modD) for
which ∑
n≤x
n≡a(modD)
g(n) = 1
φ(D)
∑
n≤x
(n,D)=1
g(n) + χ(a)
φ(D)
∑
n≤x
g(n)χ(n)
+ O
(
x
φ(D)
(
log(D log x)
log x
)1/4−ε )
.
In our present circumstances g is the characteristic function of those integers not divisible
by any of a certain set of primes, q . Without loss of generality we may assume that q ≤ x
and set c =∑ q−1.
Since g is real so will be χ , but that will not concern us here.
To estimate the sum involving the Dirichlet character we apply the bound
x−1
∑
n≤x
h(n)  m(x, T )e−m(x,T ) + T −1/2 , T > 0 ,
with
m(x, T ) = min|τ |≤T
∑
p≤x
p−1(1 − Re h(p)p−iτ ) ,
τ real, valid for any multiplicative function, h, with values in the complex unit disc. An
argument to obtain this sharpening of a result of Halász, and elaborating his method, may
be found in Tenenbaum, [16], Chapter III. 4, in particular Corollary 6.3 and its following
remark.
With σ = 1+(log x)−1, the well known bound π(y)  y/ log y of Chebyshev ensures
that ∑
p≤x
(p−1 − p−σ )  (σ − 1)
∑
p≤x
p−1 log p  1,
∑
p>x
p−σ  1 .
If τ is a value for which the minimum m(x, T ) is attained, s = σ + iτ and h = gχ , then
m(x, T ) =
∑
p−σ − Re
∑
χ(p)p−s + Re
∑
χ(q)q−s + O(1) .
Employing Euler products,
exp(−m(x, T ))  ζ(σ )−1
∣∣∣∣
∑
(n,2)=1
χ(n)n−s
∣∣∣∣ec
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with ζ(s) the zeta function of Riemann. In particular, ζ(s) has a simple pole at s = 1 and
(σ − 1)ζ(σ )  1.
We view the sum over the odd integers as a Dirichlet L-series, (modD) if D is even,
(mod2D) if D is odd. Since χ is non-principal, with T = (log x)2 the standard estimate
L(s, χ)  log(D(|s| + 2)), Re(s) ≥ 1 ,
cf. Tenenbaum, [16], Chap. II. 8, §8.3, Theorem 6, yields the bound∑
n≤x
g(n)χ(n)  (ec log(D log x)/ log x)1−ε .
A second bound∣∣∣∣
∑
n≤x
g(n)χ(n)
∣∣∣∣ ≤
∑′
n≤x
1  x
∏
q
(
1 − 1
q
)
 xe−c
may be obtained by the Selberg sieve, cf. [1].
The combined bounds show that∑
n≤x
g(n)χ(n)  x(log(D log x)/ log x)(1−ε)/2 ,
which gives rise to an error-term smaller than the earliest error term.
3. Proof of Theorem 2
If, once again, g is a multiplicative function with values in the complex unit disc, then
[4], Lemma 6 asserts that
∑
n≤x
(n,D)=1
g(n) = η(D)
∑
n≤x)
g(n) + O
(
xeL/3(log log 3D)2
(log x)1/8
)
,
with
L =
∑
p≤x
p−1|1 − g(p)|, η(D) =
∏
p|D
(
1 +
∑
k≤logx/ logp
p−kg(pk)
)−1
,
holds uniformly for x ≥ 2 and odd integers D. It holds for even integers D also, provided∣∣∣∣1 +
∑
k≤logx/ log 2
2−kg(2k)
∣∣∣∣ ≥ c1 > 0 ,
in which cases the implied constant depends upon c1.
We restrict g to the characteristic function of the integers not divisible by a set of
primes q with q ≤ x,∑ q−1 = c
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If the prime divisor p of D is among the q , then the corresponding factor of η(D) is
1. Otherwise it has the form (1 − p−1)(1 + θpx−1)−1 with |θp| ≤ 1. As a consequence
η(D) −
∏
p|D
p =q
(1 − p−1) = O
(
x−1
∑
p|D
1
)
= O(x−1 log D) .
We obtain an estimate of the form asserted in Theorem 2 but with an error of
O
(
log D + xe
L/3(log log 3D)2
(log x)1/8
)
,
where L now has the value c +∑′′ p−1, the sum taken over the prime divisors p of D
that do not exceed x and are not amongst the q . Since Theorem 2 is trivially valid for
D > exp(x1/2), we may assume the contrary and omit the error term involving logD.
Individual applications of Selberg’s sieve give the alternative estimate
∑′
n≤x
(n,D)=1
1 −
∏
p|D
p =q
(
1 − 1
p
)∑′
n≤x
1  xe−L ,
which combines with the cube of the previous estimate to deliver Theorem 2.
4. Concluding remarks
Theorem 1, but not Theorem 2, was the end-point of a Meiji–Gakuin Seminar that I
gave in Meiji–Gakuin, Tokyo, December 21, 2010. It served to illustrate the arguments
developed over several decades in my papers [2], [3], [5], [6], [7], [8], [12], to estimate
the asymptotic behavior on arithmetic progressions of multiplicative functions that are con-
strained only by the requirement that they assume values in the complex unit disc.
The classical methodology employing Dirichlet series is not immediately available
since the corresponding Dirichlet series
∑∞
n=1 g(n)n−s need not have any analytic contin-
uation beyond its half-plane of absolute convergence.
Even in the particular case of Theorem 1 to hand, when the associated Dirichlet series
∞∑
n=1
g(n)n−s = ζ(s)
∏
q≤x
(1 − q−s)
and may be analytically continued to the whole complex plane punctures at s = 1, the
mobility of the deleted primes q allows the factor modifying ζ(s) to assume unwieldy large
values in the classical critical strip 0 < Re(s) < 1.
As may be seen, the methods developed in my consideration of the wider problem
have necessarily been of a flexible general nature, avoiding excursions to infinity.
There is certainly room for improvement in the size of the error terms in Theorems 1
and 2. An ideal version of Theorem 1 would have the form∑′
n≤x
n≡a(modD)
1 = (1 + o(1)) 1
φ(D)
∑′
n≤x
1 , x → ∞ ,
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uniformly for all sets of excluded prime divisors and for (a,D) = 1, 1 ≤ D ≤ x1/2−ε , or
perhaps further.
The slightly weaker conjecture∑′
n≤x
n≡a(modD)
1 = (1 + o(1)) 1
φ(D)
∑′
n≤x
1 + O(x1/2+ε) , x → ∞ ,
significant only for 1 ≤ D ≤ x1/2−ε , was made during the seminar. This would include a
similar asymptotic estimate for primes in arithmetic progression, currently available only
subject to the validity of a plausible hypothesis concerning the zeros of Dirichlet L-series
(modD). Moreover, if more than half the primes are excluded, then an adjustment may need
to be made to the leading term of the estimate, incorporating an explicit dependence upon
a(modD). For the semigroup of restricted integers may generate only a proper subgroup
of the reduced residue class group (modD).
I thank Murata, Leo for his kind invitation to give a Meiji–Gakuin seminar and Fujii,
Akio for this opportunity of furnishing detailed proofs of the present otherwise unpublished
Theorems 1 and 2.
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